We present vacuum spacetime solutions of first order gravity, which are described by the exterior Schwarzschild geometry in one region and by degenerate tetrads in the other. The invertible and noninvertible phases of the tetrad meet at an intermediate boundary across which the components of the metric, affine connection and field-strength are all continuous. Within the degenerate spacetime region, the noninvertibility of the tetrad leads to nonvanishing torsion. In contrast to the Schwarzschild spacetime which is the unique spherically symmetric solution of Einsteinian gravity, all the field-strength components associated with these vacuum geometries remain finite everywhere. * kaul@imsc.res.in † sandipan@phy.iitkgp.ernet.in 1 arXiv:1709.00188v2 [gr-qc]
I. INTRODUCTION
In Einstein's theory of gravity in vacuum, the Schwarzschild metric turns out to be the unique spherically symmetric solution. This geometry exhibits a curvature singularity at the origin. As long as the metric is demanded to be invertible and spherically symmetric, there seems to be no escape from such singular solutions in the classical theory. However, the first order gravity theory in vacuum admits, besides a phase with invertible tetrads (metric), another (non-Einsteinian) phase based on tetrads which have vanishing determinants and hence are not invertible. The classical theories for these two phases are not equivalent [1] . In fact, the solution space with noninvertible tetrads possesses a rich structure, as was elucidated in some recent studies [2, 3] . In view of this, it is worthwhile to explore whether there could be any extension of the Schwarzschild exterior geometry such that the full spacetime is regular everywhere, within a formulation of gravity theory that admits both the phases.
To deal with degenerate spacetime solutions in gravity theory, the appropriate starting point is the first order formulation based on Hilbert-Palatini action, which, unlike the second order formulation, does not require the explicit use of the inverse metric. This action functional is given in terms of two independent fields, the tetrad e 
This set of equations admits both invertible and noninvertible tetrads as solutions. These reduce to Einstein's equations in vacuum only in the invertible phase, where the vanishing of torsion emerges as a dynamical consequence. For noninvertible tetrads, however, the space of solutions consists of geometries that generically exhibit torsion even in vacuum [1] [2] [3] .
Here we attempt to construct a special class of spherically symmetric solutions of the equations of motion in pure gravity, which are characterized by the different phases of first order gravity in two different regions, one with non-degenerate tetrads and other with degenerate tetrads. In particular, we look for spacetime solutions with the exterior Schwarzschild metric in one region and a degenerate metric in the other. In addition, we demand that these must be associated with field-strength whose components do not diverge anywhere in the manifold and satisfy certain continuity properties at the boundary connecting the two regions.
Let us note that constructions similar in spirit to the ones discussed above have been attempted earlier [4] [5] [6] . For example, Bengtsson [4, 5] has presented some spacetime solutions of the complex SU(2) formulation [7, 8] of gravity theory with degenerate spatial (densitized) triads in the interior. In the explicit examples of real solutions that we shall exhibit here, the metrics, while being degenerate in a region, are associated with invertible triads.
In the next couple of sections, we present the construction of a class of vacuum solutions of first order gravity which exhibit the properties outlined above. There are a countably infinity of them, for each of which underlies a regular geometry everywhere. The concluding section contains a summary of the main results and a few observations regarding the possible importance of these newly found configurations in generic contexts.
II. REGION-I: INVERTIBLE TETRAD
Let us first introduce a system of coordinates (t, u, θ, φ) which cover the whole spacetime,
. In these coordinates, we define a spherically symmetric and static metric of the form [4] :
where, the monotonic function f (u), which represents the radius of the two-sphere (at any fixed t and u), satisfies the following properties:
The metric (4) describes only a part of the full spacetime (region-I), corresponding to the values u > u 0 or f (u) > 2M . The boundary u = u 0 represents a three-surface on which the The tetrad fields in this region with f (u) > 2M can be read off from the metric (4) as:
The nonvanishing components of the associated (torsionless) spin-connection fields ω 
sin θdφ
Using these, the field strength tensors R IJ µν (ω) can be evaluated to be:
From the above set of fields, let us now construct their counterparts in the metric formulation, namely the affine connection Γ αβρ ≡ Γ 
Its nontrivial components are displayed below:
,
The tensor R µνρσ is defined in terms of the SO(3, 1) field-strength as:
whose nonvanishing components read:
In the region u > u 0 where tetrad is invertible and torsion is absent, the field strength tensor (11) reduces to the Riemann curvature tensor. However, this equality need not hold in general.
Choice of f(u) and boundary conditions:
Let us note that for f (u) > 2M , the metric (4) is equivalent to the exterior Schwarzschild solution upto a coordinate transformation. This becomes evident upon the reparametrization f (u) = r, which brings this metric to the Schwarzschild form:
where r is the radial coordinate. However, these two geometries are not equivalent at the degenerate surface u = u 0 , where the coordinate transformation defined above becomes ill-defined.
Although f (u) can be any monotonic function which obeys (i) the boundary conditions (5) and (ii) is such that it does not lead to divergences in any of the fields introduced above, it could nevertheless be more illuminating to work with a specific choice for f (u). We choose:
where n ≥ 2 is an integer. For these values of n, this function satisfies the above conditions (i) and (ii). At the degenerate boundary u = u 0 , for the explicit choice (14), the nonvanishing components of the affine connection Γ µνρ in (10) and R µναβ tensor in (12) exhibit the following behaviour:
where the symbol . = denotes equality only at u = u 0 .
The set of fields constructed above defines the vacuum spacetime in the region-I, u > u 0 (f (u) > 2M ), completely. The analysis for the other region u ≤ u 0 is presented next.
III. REGION-II: NONINVERTIBLE TETRAD
As emphasized already, our purpose here is to construct degenerate spacetime solutions of the first order equations of motion (2) and (3) in the region u ≤ u 0 (region-II). To begin with, we consider a degenerate metric with g tt = 0 everywhere in this region:
The nondegenerate 3-subspace of this metric exhibits the topology S 2 × R, which is the same as that of any t = const. slice of the metric (4) in region-I. The two possible values of σ = ±1 correspond to an Euclidean or a Lorentzian 3-subspace, respectively. For σ = +1, u is a spacelike coordinate whereas for σ = −1, it is timelike (in region-II). The continuity of the metric requires that the two arbitrary functions F (u) and H(u), whose precise forms are to be determined using the equations of motion, should have the following behaviour at the degenerate boundary:
The internal (Lorentzian) metric is given by:
The tetrad fields are:
The only non-vanishing components of the torsionless spin-connection fieldsω 
,ω
The corresponding SO(3, 1) field strength components read:
Given the tetrad fields (18) 
the most general solution of the equations of motion (2) is then given by [2] :
where the spacetime-dependent matrices N kl = N lk and M kl = M lk are symmetric but arbitrary otherwise. The existence of these arbitrary fields is essentially a reflection of the fact that in first order gravity theory with noninvertible tetrads, the equations of motion leave some of the connection components completely undetermined. In what follows next, we will restrict our attention to the simpler case with M kl = 0. The remaining set of six fields N kl can be represented as:
Using this parametrization of N ij and the triads (18), the components of the contortion K ij a as in (22) become:
With these, the full connection coefficientsω IJ are given by:
For these connection fields, the field-strength can be evaluated to be:
This in turn leads to the following identity:
Following [2] , it is straight forward to check that the configuration described above satisfy the remaining set of equations of motion (3) provided the contortion fields are constrained as:
Hence, the set of degenerate tetrad (18) and the connection fields (25), subject to the above constraint, solves both the equations of motion (2) and (3) of first order gravity theory in vacuum. These define the geometry of region II.
IV. JOINING REGIONS I AND II: FULL SPACETIME SOLUTION(S)
Let us now construct a complete solution for −∞ < u < ∞ by finding the explicit functional forms of the torsional fields as well as of F (u) and H(u), such that the constraint (28) is obeyed and all the components of the metric, affine connection and the field strength are continuous across the u = u 0 hypersurface which connects regions I and II. Just for the sake of simplicity, in the rest of our analysis we choose a simpler setting where only one of the six torsional fields is nonvanishing and depends only on u:
For this choice, the nonvanishing components of the affine connectionΓ µνρ =ê ρI ∂ µê I ν +ω
IJ µê νJ
(which contain torsion now) are evaluated to be:
The spacetime field strengthR µναβ =R IJ αβ (ω)ê µIêνJ in this case becomes:
while all the other components turn out to be zero. In particular, the componentsR tutu ,R tθtθ andR tφtφ vanish everywhere in the region-II (u ≤ u 0 ). This is to be contrasted with the behaviour in region-I where the field strength components R tutu , R tθtθ and R tφtφ as presented in (12) are zero only at the boundary.
For the choice (29), the constraint (28) among the fields η(u), H(u), F (u) reduces to:
This provides only one condition among the three unknown fields. Since there are no more equations of motion that could be used to solve for these, we have the freedom of choosing two further constraints, such that the continuity properties at u = u 0 are satisfied. To this end, let us consider the following ansatze:
where α > 0 and β are real-valued constants and m can be an integer or a half-integer.
With this, the components in eq.(31) simplify to:
The three equations in (32) and (33) now can be solved for the three fields H(u), F (u) and η(u), leading to:
The constant α can be fixed by using the freedom in choosing the origin of u coordinate. If we choose u = 0 to be the point where the radius of the two sphere (H(u)) is extremum, then we have α = m u 0 for a fixed m. The requirement of continuity of the metric components g µν at u = u 0 fixes the other constant β along with the number m as:
where n ≥ 2 is the same integer appearing in the definition of f (u) in eq.(14). This leads to two sets of solutions. The first one, corresponding to σ = +1, are represented by the following fields:
where p = n+1 2 ≥ 2 is an integer. The other set with σ = −1 is given by:
is a half-integer. With this, we have a countable infinity of vacuum solutions of the first order equations of motion, parametrized by the integer n ≥ 2, whose odd or even values correspond to σ = +1 and σ = −1, respectively. The metric components g µν (u) are C n functions. Note that the parameter M has the interpretation of being the inverse of the contortion η at the extremal point u = 0 upto a numerical constant that depends on n.
For the solutions displayed above, the nonvanishing components of the affine connection and the field strength at the boundary u = u 0 are given by:
Comparing of these with the corresponding boundary values (15) for the nondegenerate region, we note that the set of SO(3, 1) invariant fields are all continuous at u = u 0 :
Of the original SO(3, 1) valued fields, while all the tetrad and field strength components are continuous across the separating degenerate boundary, some connection components, which are pure gauge on the boundary, are not continuous. But all the SO(3, 1) invariant fields as reflected in (39) are continuous across this boundary.
Let us look at the nature of geometries in the region-II as represented by the fields given in eqs.(36) and (37) in detail. For both these sets, the fields have the following boundary behaviour:
Note that the radius H(u) of the two-sphere is finite and nonvanishing everywhere. For σ = +1, it has a maximum value at u = 0, given by H max = 2M exp(e −2p ) > 2M (for a fixed 
). This has been displayed in the Fig.1 where the profile of the radius of two-sphere R(u) = f (u) for the region-I (u > u 0 ) and R(u) = H(u) for the region-II (u ≤ u 0 ) has been presented. The interpretation of the two free parameters M and u 0 in each solution is now apparent: they characterize the area and location of the hypersurface at u = u 0 , respectively. The behaviour of the contortion field η(u), which is localized entirely within region-II around the origin u = 0, has been been provided in Fig.2 . The profiles for σ = ±1 are qualitatively the same (for any fixed integer p ≥ 2 or any fixed half integer l ≥ ), the extrema being at u = 0.
It should be emphasized that the spacetime field strength componentsR µνρσ are finite
everywhere in the range −∞ < u < ∞. Although it is not possible to construct scalars from the fieldsR µνρσ (unless they are topological) associated with a noninvertible 4-metric, one can nevertheless look at the scalars associated with the nondegenerate 3-subspace described
by (e The configurations described above are to be contrasted with the Schwarzschild spacetime, which is the unique spherically symmetric solution of Einsteinian gravity and is associated with divergent field strength components R trtr , R tθtθ and R tφtφ at the origin.
V. CONCLUSIONS
First order formulation of classical gravity theory in four dimensions admits degenerate spacetimes as vacuum solutions. Based on this observation, we have constructed a class of spherically symmetric geometries with two regions which are associated with invertible and noninvertible tetrads. As the field configurations in both these regions satisfy the first order equations of motion in pure gravity and are continuous across the degenerate boundary connecting them, the full spacetime as a whole represents a vacuum solution of gravity theory. In the region with non-degenerate metric, away from the separating boundary, the spacetime geometry is equivalent to that of the Schwarzschild exterior.
The most remarkable property of these solutions are reflected through the field-strength components, which are well-behaved everywhere. In this sense these spacetimes are regular, since any curvature singularity is typically a reflection of the divergence in the individual field strength components. It should be emphasized that the existence of these solutions of the first order equations of motion is not in any way in conflict with Birkhoff's theorem, which concerns solely the invertible phase (det g µν = 0) of pure gravity.
Within the degenerate region, as described by the associated noninvertible metric, the spacetime essentially becomes two-dimensional at the points u = u 0 , u = 0 and also at u → −∞ which is one of the asymptotic boundaries. It is not clear at this stage whether such a phenomenon really does encode a change of spacetime topology in classical gravity.
The general framework presented here can also be used to construct vacuum solutions in first order gravity theory with multiple regions containing degenerate and non-degenerate geometries. In particular, one such solution with two regions of flat spacetime separated by a finite sized bridge which has a non-invertible metric has been presented in ref [9] .
Finally, let us note that the configurations discussed here correspond to finite (vanishing) action. Fluctuations around these saddle points might encode nontrivial contributions to the path integral of quantum gravity. These vacuum geometries may be expected to be relevant in other formulations of quantum gravity as well.
